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Introduction
Remanufacturing is the process of restoring used or broken components/products to like-new condition (Toktay et al. 2000) . Examples of remanufactured products include tires, engines, single-use cameras, and toner cartridges, etc. As part of the closed-loop logistics, remanufacturing conserves not only the raw material content but also much of the value added during the production process required to manufacture a new product. Since the profit margins of remanufactured products are
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Article submitted to Operations Research; manuscript no. OPRE-2011-08-429.R2 5 product can be either manufactured from raw materials or remanufactured from a returned product; but the firm has finite capacities in manufacturing, remanufacturing, and/or total production operations in each period. At the end of each period, leftover returned products and unsold serviceable products are carried to the next period, and unsatisfied demand is backlogged to the next period. Following Simpson (1978) , we assume the manufacturing and remanufacturing operations have identical production leadtimes. Under this and the backlogging assumptions, the system can be transformed into an equivalent system with zero lead times by working on inventory positions (see, e.g., Inderfurth, 1997) . Hence for brevity, we focus on the system with zero leadtime.
The sequence of events in each period is as follows: First, the firm reviews the starting inventory levels of serviceable products and returned products; second, the firm decides on how many units of serviceable products to manufacture from raw materials and how many units to remanufacture from returned products, subject to its production capacities; then, the random customer demand and product returns are realized; and finally, all costs for this period are calculated. The firm's cost structure includes a unit manufacturing cost p, a unit remanufacturing cost r, a unit holding cost s for returned products, and a unit holding cost h and a unit backlog cost b for serviceable products. All these unit costs are positive, and it is reasonable to assume that manufacturing is more costly than remanufacturing, i.e., p > r. There is also a discount factor α, 0 < α ≤ 1. The firm's objective is to minimize its expected total discounted cost over the planning horizon.
A main feature of our model is that the firm has finite production capacities in manufacturing and/or remanufacturing operations in each period. Specifically, we assume that the firm has one or more of the following three types of capacities: the remanufacturing capacity K r , the manufacturing capacity K m , and the total manufacturing/remanufacturing capacity K. Different combinations of these capacities yield in total seven capacitated models, with the most general one having all three capacities. The main focus of this paper is to study the firm's optimal manufacturing and remanufacturing policies for these different capacitated models. Article submitted to Operations Research; manuscript no. OPRE-2011-08-429.R2 returns in different periods are independent random variables, but they can be correlated within the same period. Thus, (D t , R t ) can have an arbitrary joint distribution. The independence assumption of cross-period demands and returns is mainly for simplicity and can serve as an approximation when the cross-period correlations are small, or the lifetime of the product is long thus the returns only depend on sales in the distant past. If this assumption is violated, then the firm will need to keep track of all past demands and returns information so as to predict future demands and returns, giving rise to a high-dimensional stochastic dynamic program, and as a result, the parameters of the optimal control policy for a period will depend on such information. Denote x 0 t and x 1 t as the inventory levels of returned products and total products (including both serviceable and returned products) at the beginning of period t, respectively, before any decision is made. Then, x 
In addition, the production capacities K r , K m , and K would impose one or more of the following three constraints: for t = 1, . . . , T ,
For convenience, we choose (x 0 t , x 1 t ) as the state of the system at the beginning of period t. Then, the system dynamics from period t to period t + 1 are given by 
where (y 0 t , y 1 t ) is subject to constraint (1) and some of the capacity constraints (2), (3), and (4),
and G t (·) is the expected holding and backlog costs for serviceable products in period t, given by
Following Simpson (1978) , the boundary condition is given as V T +1 (·, ·) ≡ 0.
We aim to characterize the optimal manufacturing and remanufacturing policies in each period t that minimize the objective function H t (y To this end, we need to first study the structural properties of problem (6) . As mentioned earlier, the L ♮ -convexity and lattice analysis are the main machinery in our analysis. Let V ⊂ ℜ n be a lattice and ℜ the set of real numbers. A function f : V → ℜ is submodular if
for any x, y ∈ V , where ∧ and ∨ are the component-wise minimum and maximum operators, respectively. Let e = (1, . . . , 1) be the n-dimensional vector of 1s 
Proposition 1 is the main technical result of the paper; and it plays a key role in characterizing the firm's optimal policies for all capacitated models. It is noteworthy to point out that this result is established before we obtain the optimal policies, i.e., it is not proved by utilizing the structure of the optimal control policies. As can be seen later, if it has to be proved by exploiting the specific structure of the optimal policies, then the proof will be much more complicated and tedious.
There is an important difference among the different capacitated models on the production priority between manufacturing and remanufacturing operations. For the uncapacitated model, Simpson (1978) shows that the optimal policies always give priority to remanufacturing, i.e., manufacturing is resorted to only after all returned products have been remanufactured. This is intuitive, as manufacturing is more costly than remanufacturing. For capacitated models, however, this property does not always hold and it depends on whether there is a manufacturing capacity K m . As will be seen later, the production priority is always given to remanufacturing for models with a remanufacturing capacity and/or a total capacity; but it fails to hold for models with a manufacturing capacity. The result for the former case is intuitive, since for those models, besides being more cost effective, giving production priority to the remanufacturing operation also increases capacity utilization and thus is more desirable. To see the intuition for the latter case, consider the simplest model with only a manufacturing capacity. Recall that, in each period, the supply of serviceable products comes either from returned products or from the manufacturing capacity. Suppose at the beginning of a period there are a lot of backlogs on serviceable products. Remanufacturing all returned products can increase the inventory level of serviceable products; but it will also lose this "potential supply" for future periods. On the other hand, the manufacturing capacity, if not used in this period, will be lost. Hence, in this scenario it is probably better to manufacture some new products while keeping some returned products to satisfy demands in future periods.
The following result provides the key structural property that establishes the production priority for the capacitated models without a manufacturing capacity K m . To see why Proposition 2 implies that remanufacturing takes priority over manufacturing, note from (6) that y 0 − ζ and y 1 − ζ are the post-production inventory levels for returned products and total products, respectively, while
is the post-production inventory level for the serviceable products which is independent of ζ. Thus, Proposition 2 states that, for the model with only capacities K r and K, for any fixed post-production inventory level of serviceable products, it is always better to keep fewer returned products. This implies that, to increase the inventory level of serviceable products, remanufacturing should always take priority over manufacturing, leading to the production priority of remanufacturing discussed above. Once the manufacturing capacity K m is added into the model, however, the monotonicity result in Proposition 2 does not hold any more.
For each period t, denote (y
as the optimal solution of problem (6) . Thus,
is the optimal inventory level of returned products and y
t ) is the optimal total inventory level after manufacturing and remanufacturing decisions given the initial state (x
With the structural properties established in Propositions 1 and 2, we are able to characterize the firm's optimal policies for different capacitated models in the next section.
Optimal Policies
In this section, we characterize the firm's optimal manufacturing and remanufacturing policies for different capacitated models. To begin with, we consider the simplest model where there is only a total capacity K (or when K = K r = K m ). For this model, the optimization problem (6) is subject to constraints (1) and (4), and the firm's optimal policies are given in the following theorem. 
(ii) The optimal manufacturing policy is a modified base-stock policy: ii-2) if
Theorem 1 shows that, for the model with only a total capacity K, the optimal remanufacturing policy is to remanufacture the returned products down to the target level δ * t (max{x
to the total capacity K; while the optimal manufacturing policy is to raise the total inventory up to the base-stock level x 1 * t , subject to the leftover capacity after remanufacturing. Thus, the optimal policies always give production priority to remanufacturing for this model.
The firm's optimal policies for period t in Theorem 1 are illustrated in Figure 1 . In this figure, the horizontal and vertical axes are the inventory levels of total products and returned products, respectively; and the state space is divided into four regions separated by solid curves and/or straight lines. In each of regions (I) to (III), we choose a representative state A and depict one or two dotted arrows to indicate the firm's optimal decisions and the corresponding state transitions.
For the initial state A I , it is optimal to remanufacture K (i.e., a downward arrow from A I to B I ) but manufacture nothing. For the initial state A II , it is optimal to remanufacture all returned products to reach B II , and manufacture with the leftover capacity to raise the total inventory to as close to x It is interesting to observe how the total capacity constraint impacts the firm's optimal policies.
When there is no capacity constraint (i.e., when K = ∞), Simpson (1978) shows that the optimal strategy is determined by two base-stock levels: One on serviceable products for the optimal remanufacturing policy and the other on total products for the optimal manufacturing policy. In other words, it is optimal to remanufacture to raise the inventory level of serviceable products to a base-stock level (subject to available returned products), and to manufacture to raise the total inventory level to another base-stock level. In contrast, when the total capacity constraint is in force, by Theorem 1, the optimal remanufacturing policy aims to raise the inventory level of serviceable products to x 12 Article submitted to Operations Research; manuscript no. OPRE-2011-08-429.R2
serviceable products for remanufacturing; with an infinite capacity, however, the target inventory level of serviceable products for remanufacturing would not be changed since the firm can always remanufacture any returned products whenever needed. For the optimal manufacturing policy, its structure is essentially the same after introducing the total capacity constraint, since the inventory level of the leftover returned products must be zero when the firm manufactures new products due to the production priority on the remanufacturing operation, leading to a modified base-stock policy for manufacturing.
We next consider the more general model with only a remanufacturing capacity K r and a total capacity K (or when K = K m ). For this model, the optimization problem (6) is subject to constraints (1), (2), and (4); and the firm's optimal policies are given in the following theorem.
(Without loss of generality, we assume K > K r , since otherwise the capacity K r does not have any effect and the resulting model is equivalent to the model with only a total capacity K.) 
(ii) The optimal manufacturing policy is a modified total-up-to policy: Theorem 2 shows that the optimal policies always give production priority to remanufacturing for the model with only capacities K r and K. In addition, compared with Theorem 1, it also shows that the structure of the optimal remanufacturing policy for this model is essentially the same as that for the model with only a total capacity K, except that the maximum remanufacturing capacity is K r instead of K; while the structure of the optimal manufacturing policy is more complex than that for the model with only a total capacity K. This is because, since the remanufacturing capacity K r is strictly less than the total capacity K, the inventory level of the leftover returned products
+ can be positive when the firm turns to manufacture new products, and consequently the optimal manufacturing policy becomes a modified total-up-to policy with the total-up-to level depending on the leftover returned products.
The firm's optimal policies for period t in Theorem 2 are illustrated in Figure 2 . In this figure, the state space is divided into five regions separated by solid curves and/or straight lines. Similar to Figure 1 , in each of regions (I) to (IV) we choose a representative state A and depict one or two dotted arrows to indicate the firm's optimal decisions and the corresponding state transitions;
and in region (V), it is optimal for the firm to do nothing, thus no arrow is drawn in this region. with slopes no more than one; and the solid curve
Also note from Theorem 2 that the curve
is always on the right of the curve
and they intersect at the point (x 1 * t , 0) (resp., (x 1 * t , K r )). Thus, the solid curves and/or straight lines in Figure 2 partition the state space into five non-overlapping regions.
It is worth mentioning that the solid curve x it has a higher target inventory level for serviceable products than the manufacturing operation.
As a special case of Theorem 2, for the model with only a remanufacturing capacity K r (i.e., when K = ∞), the firm's optimal policies are slightly simpler: the optimal remanufacturing policy remains the same as that in Theorem 2, but the optimal manufacturing policy is simplified to a total-up-to policy. This is because, since there is no capacity constraint on the manufacturing operation, the manufacturing total-up-to level can always be reached. Thus, compared with the uncapacitated model, while maintaining the production priority on remanufacturing, the introduction of the remanufacturing capacity alters the structure of the optimal remanufacturing policy as well as that of the optimal manufacturing policy. Both changes are intuitive, since when there is a remanufacturing capacity, the optimal remanufacturing policy and the optimal manufacturing policy need to consider the possible future capacity shortage and the leftover returned products, respectively.
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Now we proceed to study the capacitated models including a manufacturing capacity K m . Since the production priority of remanufacturing fails to hold for these models, the firm's optimal policies are more involved and our characterization of their structures mainly relies on the L ♮ -convexity of the objective function (i.e., Proposition 1). In what follows, we first consider the model with only a manufacturing capacity K m and a remanufacturing capacity K r (or when K ≥ K r + K m ). For this model, the optimization problem (6) is subject to constraints (1), (2) , and (3); and the firm's optimal policies are given in the next theorem. (i) The optimal remanufacturing policy is a modified remanufacture-down-to policy:
and do not remanufacture otherwise; i-2) if x
and do not remanufacture otherwise;
and do not remanufacture otherwise.
(ii) The optimal manufacturing policy is a modified total-up-to policy:
t ; and do not manufacture otherwise;
and do not manufacture otherwise.
Theorem 3 shows that, for the model with only two capacities K m and K r , the optimal remanufacturing policy is to remanufacture the returned products down to the target inventory level this model are more complicated than those for the above models, since the production priority on remanufacturing fails to hold in the presence of a manufacturing capacity K m .
The firm's optimal policies for period t in Theorem 3 are illustrated in Figure 3 . In this figure, the state space is divided into nine regions by two parallel solid curves with slopes between 0 and 1 and two parallel solid curves with slopes no less than one. 
Note that in regions (V ), (V II) and (V III)
, and in part of region (IV ), it is optimal to manufacture some new products while keeping some returned products without using the entire remanufacturing capacity. Thus, remanufacturing does not take priority over manufacturing in these regions. As a special case of Theorem 3, for the model with only a manufacturing capacity K m (i.e., when K r = ∞), the firm's optimal remanufacturing policy is simplified to a remanufacture-downto policy, and the optimal manufacturing policy is still a modified total-up-to policy but with a Figure 3 do not exist for this model, thus the state space is divided into the six remaining regions (IV)-(IX). Note that, even for this special case with only a manufacturing capacity, remanufacturing does not always take priority over manufacturing. Thus, compared with the uncapacitated model, the introduction of the manufacturing capacity destroys the production priority on remanufacturing as well as alters the structures of the optimal remanufacturing and manufacturing policies.
}). As a result, regions (I)-(III) in
The two remaining models not studied yet are the model with two capacities K m and K, and the most general model with all three capacities K r , K m and K. For both models, Proposition 1
shows that the objective function in the optimization problem (6) is L ♮ -convex. However, since the optimal policies do not always give priority to remanufacturing for either model, the firm's optimal policies are more complicated and it involves the optimal allocation of the total capacity K. Using L ♮ -convexity, we can show that the optimal policies in each period for these two models divide the state space into nine and eleven regions, respectively; and their full characterizations both require two control parameters and three monotone control curves. Since the characterization of the optimal policies are lengthy and less insightful, for brevity we leave the details to the interested reader. We remark that some related studies have been done in other application contexts, e.g., 
Conclusion and Discussion
In this paper, we study the optimal control policy for capacitated periodic-review inventory systems with remanufacturing. Using L ♮ -convexity and lattice analysis, we characterize the optimal manufacturing and remanufacturing policies when one or more of the production capacities are finite.
For instance, for systems with a remanufacturing capacity and a manufacturing/total capacity, we show that the optimal remanufacturing policy is a modified remanufacture-down-to policy and the optimal manufacturing policy is a modified total-up-to policy; and the remanufacture-down-to level (resp., the total-up-to level) is a partly-constant increasing function of the total inventory level (resp., the inventory level of returned products) with slopes no more than one. In addition, we show that for systems with a remanufacturing capacity and/or a total capacity, the optimal policies always give production priority to remanufacturing; this priority rule does not hold, however, for systems with a manufacturing capacity.
Our analysis and results can be extended in the following three directions. First, all of our results continue to hold under the lost-sales models. When unsatisfied demand in each period is lost, we need to modify the system dynamics on the total inventory level in (5) 
. It should also be noted that the state space for the lost-sales models is {(x
, which is different from that of the backlog models. Albeit with the above differences, Propositions 1 and 2
and Theorems 1 to 3 continue to hold under the lost-sales models. It is interesting to note that the optimal manufacturing and remanufacturing policies for the lost-sales models have exactly the same structure as those of the corresponding backlog models, with the only difference lying in their state spaces.
Second, for simplicity in this paper we have assumed that disposal of returned products is not allowed. When the firm can dispose returned products in each period, we can show that the structural properties (i.e., Propositions 1 and 2) are still true. Thus, for models with a remanufacturing capacity and/or a total capacity, the production priority result continues to hold when disposal of returned products is allowed. The firm's optimal policies become more complicated because of the disposal decision. However, with the above structural properties, we are able to partially characterize the structure of the optimal policies. For example, for models with a total capacity, the optimal policies never manufacture new products while dispose returned products in the same period. In addition, we can also study how the optimal policies depend on the initial inventory levels using L ♮ -convexity.
Third, our analysis and results can also be extended to the models where the firm makes joint product acquisition, pricing, and inventory decisions. Zhou and Yu (2011) study this problem when 19 both manufacturing and remanufacturing operations have infinite capacities. For the capacitated models, after following their assumptions on product acquisition and pricing, we can extend our analysis to study the firm's optimal inventory, acquisition, and pricing policies. Specifically, the structural properties (i.e., Propositions 1 and 2) continue to hold; and the firm's optimal manufacturing/remanufacturing policies have the same structure as what is described in Theorems 1 to 3. For brevity, we leave the details to the interested reader.
Throughout the paper we have assumed identical lead times for manufacturing and remanufacturing operations (and zero lead time for the lost-sales models). One important future direction is to study the models with non-identical lead times (and the lost-sales models with positive identical lead times). Because of the "curse of dimensionality", it seems more practical to develop effective
heuristic policies (rather than analyze the optimal policies) for such models. For the uncapacitated models, Kiesmüller (2003) and have proposed some effective heuristics. It would be interesting to develop some effective heuristic policies for the capacitated models, and we leave this as a future research.
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contains the minimum and maximum of each pairs of its elements; if X ′ is a subset of a lattice X and X ′ contains the minimum and maximum (with respect to X) of each pair of the elements of
A main tool used in our study is L ♮ -convexity. In this paper, we use the following property of an L ♮ -convex function. S is a lattice, it follows that S x is ascending in x. Thus its minimizer, denoted byŷ(x), is increasing in x. On the other hand, since y * (x) is the minimizer of f (x, y), we have x −ŷ(x) = y * (x). Hence, 
Since G t (·) is a convex function and
We next prove that
When there are capacity constraints K r , K m , and K, by (6) we have 
where 
We next prove that V t (x 0 − ζ, x 1 − ζ) is submodular in (x 0 , ζ) for any fixed x 1 . To this end, we introduce the following new decision variables:
Then, the minimization problem (EC.1) can be rewritten as
is convex and submodular in (ŷ 0 ,ŷ 1 ). In addition, it can be seen thatD is a closed convex sublattice. Thus, again by applying Theorem 1 of Chen et al.
We finally prove that V t (x 0 − ζ, x 1 − ζ) is submodular in (x 1 , ζ) for any fixed x 0 . Similar to the previous proof, we introduce the following new decision variables:
Then, the minimization problem (EC.1) can be rewritten as 
Proof of Proposition 2.
The proof is by induction on t. First, since V T +1 (·, ·) ≡ 0, it follows from (7) that
Since p > r and s > 0, H T (y 0 − ζ, y 1 − ζ) is decreasing in ζ, so the lemma holds for t = T . Now assume inductively that the lemma holds for t + 1. In what follows, we shall prove it also holds for t, which then completes the proof. where the second equality follows from the result that H t+1 (ϕ − φ, x 1 − φ) is decreasing in φ.
Since the constraint in (EC.3) becomes less restrictive when ζ becomes larger, it follows that
Now we prove H t (y 0 − ζ, y 1 − ζ) is decreasing in ζ. According (7), we have
Since V t+1 (x 0 − ζ, x 1 − ζ) − (p − r)ζ is decreasing in ζ, s > 0, p > r, and 0 < α ≤ 1,
is decreasing in ζ. The proof is complete.
Proof of Theorem 1.
Note that the model with only a total capacity K is a special case of the model with only capacities K r and K satisfying K r = K. Therefore, to prove Theorem 1, it suffices to verify that Theorem t . These two statements are consistent with those specified in Theorem 1 (ii-1) and Theorem 1 (ii-2), respectively.
Case 2. If x
0 t ≥ K = K r , then Theorem 2 (ii) states that it is optimal not to manufacture, which is also consistent with that specified in Theorem 1 (ii-1).
In summary, we have shown that, for the model with only a total capacity K, the optimal policies are given in Theorem 1. The proof is complete.
Proof of Theorem 2.
For the model with only capacities K r and K with K r ≤ K, the constraints for decisions (y Thus, the optimality equation (6) 
